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ABSTRACT 

The algebra of quantum differential operators on graded algebras was in¬ 
troduced by V. Lunts and A. Rosenberg. D. Jordan, T. McCune and the 
second author have identified this algebra of quantum differential opera¬ 
tors on the polynomial algebra with coefficients in an algebraically closed 
field of characteristic zero. It contains the first Weyl algebra and the 
quantum Weyl algebra as its subalgebras. In this paper we classify irre¬ 
ducible weight modules over the algebra of quantum differential operators 
on the polynomial algebra. Some classes of indecomposable modules are 
constructed in the case of positive characteristic and q root of unity. 
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1. Introduction 

Let k = Q{q) be a field where q € C* is not a root of unity. Let k[a:] denote 
the polynomial algebra over k in one variable x. Then following [3, the algebra 
of quantum differential operators on k[x], denoted by Z?g(k[a;]), for a specific 
bicharacter (3 was constructed in [?]. In [3], the algebra I?q(k[x]) was described 
in terms of generators and relations. 

View X as a linear map on k[x] via multiplication; that is, x{f) = xf for 
/ e k[x]. For a G {1,-1} define da ■ k[x] —>■ k[x] linearly by daix"^) = 

^ for n > 1 and i9a(l) = 0. Further, define do = d : k[x] —)• k[x] 

linearly by 9(x") = for n > 0. Then, £)q(k[x]) is the subalgebra of the 

algebra of k-linear homomorphisms, Hom(k[x],k[x]), generated by the maps 
{x, di,d_i,ao} ([!]). The defining relations m) among these maps are 

( 1 . 1 ) daX - q^'xda = 1 , 

( 1 . 2 ) daxdb = dbxda, 

(1.3) d-idi = qdid-i, /or a, 6 G {1,-1, 0}. 

In [3], it is shown that Il,j(k[x]) is a left and right Noetherian simple domain of 
GK dimension 3 when q is transcendental over Q. 

Let a : k[x] k[x] be the automorphism given by (t(x") = g"x" for n > 0. 
Then one can check that 

(1.4) dix — xdi = a = (q — l)xdi + 1, 

(1.5) d-ix — xd-i = = (q~^ — l)xd-i + 1, 

( 1 . 6 ) d-i=a~^di. 

Note that Dg(k[x]) is Z-graded with deg{x) = 1, deg{a) = deg{a~^) = 0 and 
deg{d) = deg{di) = —1. Let r = dx. Then, we have to = ar and k[r, a, cr“^] is 
the subalgebra of Dq{k[x]) of degree 0. Note that k[T, a] is indeed a polynomial 
algebra, and k[r, cr, tT“^] is the localization of k[T, ct] at powers of a. Let a : 
k[r, cr, cr“^] —)• k[T, cr, cr”^] be an algebra automorphism given by a(r) = r — 1 
and a{a) = 

q 





Vol. 00, xxxx 


REPRESENTATIONS OF T)5{k[*]) 


3 


By (ll.ip -(| 1.3D and we may view Z?q(k[a;]) as an algebra generated 

over k[T, cr, a~^] by generators {x, d, 9i} subject to the relations 


(1.7) 

( 1 . 8 ) 

(1.9) 

( 1 . 10 ) 

( 1 . 11 ) 

( 1 . 12 ) 


dx = 


xd = T — 1 , 


dix = 


di{T-l) = d 


qa — 1 

g-1 ’ 

cr — 1 


xdi = 


a — 1 


q -1 


XT = (t — l)a;, 

dr = {t + 1)9, 

diT = (r + l)9i, 


a 

x<j = —X, 

9 

d <7 = qod^ 
d\o — qadi- 


This motivates the following definition/notations. 


Definition/Notations. Let k be an arbitrary field, q € k*. For variables r, cr, 

let i? = k[r, cr, cr“^] be the localization of the polynomial algebra k[T, ct] with 

respect to the multiplicative set Let a : i? —>■ i? be the automorphism 

given by a(T) = t — 1 and Q;(cr) = —. Let D be the algebra generated over i? 

9 

with variables X, Y, Yi satisfying relations 

(1.13) YX = T, XY = a{T), 

(1.14) YiX = qa-l, XYi=a{qcr-l), 

(1.15) ri(T-l) = r(a-l), 

(1.16) Xr = a{r)X, Yr = a~^(r)Y, Yir = a~^{r)Yi,yr £ R. 

Our goal is to study weight modules of D along the lines of [T] and [2] using 
the fact that D contains two Generalized Weyl Algebras (GWA), denoted by 
Aq,Ai. In this paper we deal only with the problem of classifying irreducible 
modules when k is algebraically closed. We will treat the indecomposable ones 
in a subsequent paper. 

We show that all irreducible modules in these cases come in three groups: 


Family I: Irreducible D weight modules which are extended from irreducible 
Aq-weight modules (see section [!rT|) . 

Family II: Irreducible D weight modules which are extended from irreducible 
Ai-weight modules (see section 15^ . 
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Family III: Irreducible Z?-weight modules which do not arise from the families 
I and II. These are indecomposable as Aq and as Ai modules (see sections 13.11 
and 13.21) by our main theorem, 

Theorem Q: When k is algebraically closed, every irreducible D weight mod¬ 
ule is indecomposable as an Aq-module and as an Ai-module. 

Theorem [21 Theorem |3l and Theorem [4] are combined to 

Theorem (B): The irreducible D-modules are as described in families I, II, 
and III. 

In section 14.41 we build a family of indecomposable H-modules which are 
decomposable as Aq and Ai modules (see Theorem |S]) when the characteristic 
of k is equal to the order of q. In this same set-up, we present. 

Theorem ([61): Let V = ©mei.jl4i be a finite dimensional D weight module with 
support contained in orbit uj. Then dimlVm) = dimlVa) for any m, n G w. 

In the process, we have investigated which indecomposable weight modules 
of Aq and Ai can be extended to D weight modules, which is of independent 
interest fsections 13.11 and 13.21) . In particular, we note that in many cases, it is 
not possible to extend an indecomposable A^-module (or an Ai-module) to a 
H-module. 

Assume k = k. For this reason, every irreducible polynomial which is needed 
to describe weight modules is linear. 

2. Preliminaries 

Let Aq be the i?-subalgebra of D generated by X,Yi. Then, Aq is a GWA: 


( 2 . 1 ) 

( 2 . 2 ) 


YiX = qcr-l, XYi = a{qa - 1), 

Xr = a{r)X, Fir = a“^(r)Yi,Vr G i?. 


The algebra D is then generated over Aq by F with relations 


(2.3) 

(2.4) 

(2.5) 


Fi(t-1) = F((t-1), 

Fr = a“^(r)F, Vr G R. 


YX = T, A:F = a{T), 
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Analogously, let Ai be the i?-subalgebra of D generated by X, Y. Then Ai 
is also a GWA with 

(2.6) YX = t, XY = aiT-l), 

(2.7) Xr = a{r)X, Yr = a-\r)Y,Wr G R. 

D is generated over Ai by Yi with relations 

(2.8) YiX = iqa-l), XYi=a{qa-l), 

(2.9) yi(T-l) = r(a-l), 

(2.10) Yir = a-\r)Yi,Wr € R. 

In what follows, A could mean Aq or Ai, and t = qa — 1 (if we study weight 
modules over Aq) oi t = t (if we study weight-modules over Ai). 

Let Max{R) denote the set of maximal ideals of R. For m € Max{R), set 
Mm = {v G M \ mu = 0}. We say that M is a weight module if M = 

Y>meMax(R) Let Support of M be Supp{M) = {m e Max{R) \ Mm ^ 0}. 

The cyclic group < a > generated by a acts on the set Max{R), and let 

denote the corresponding orbit set. When w G is infinite we call uj a linear 

orbit. When w is finite it is called a circular orbit. Set an order on w by 
m < a(m). 

For m G Max{R), let Km = R/m and tm = t + nr S Km. Call m a break if 
tm — 0. Let B be the set of all breaks, and = B Ci uj tor uj G A maximal 
break in a linear orbit is m G which is maximal with respect to the order < 
defined in the preceding paragraph. For a circular orbit, chose any break to be 
the maximal break. 

Note that [5] gives lists of indecomposable and simple weight GWA modules. 

2.1. Description of indecomposable A-modules. For each orbit w of r 
elements, fix a maximal ideal m(w) G uj which is chosen to be a maximal break 
if UJ has a break. In what follows, T = Yi if we are studying Ag-modules, and 
T = Y if we are studying Ai-modules, and A denotes Aq or Ai. 

Case |w| = oo,Bi^ = 0: Here, V{uj) = ©mG^ATm has an irreducible A-module 
structure with X{v) = a{tmv) and T{v) = a~^{v) for v G k^. The module 
V{uj) is irreducible. 

Case |w| = oo,B^ ^ If m is the maximal element in B^ then set B'^ = 
B^ U {a(m)}. If Bi^ does not have a maximal element, then B{j = B^. Let 
J C B'^ be an interval, and J' C J be any subset not containing the maximal 
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element of J. Let no be the maximal break in w preceding all elements of J or 
—oo if it does not exist; let Ui be the maximal element of J if it exists and is 
a break or +oo otherwise. For each m G w, put Vm = Km if no < m < Ui and 
Kn = 0 otherwise. Set V{uj, J, J') = ©mei^Kn, and for v &Vm set 


X{v) 


{ a{tmv) 

a{v) ifm€J', T{v) 

0 otherwise; 


0 if a ^(m) G J'U {no}, 

a~^{v) otherwise. 


Case |u;| < = 0: Fix any / G k*. Let V{uj,f) = ©mewk^ and give it 

A-module structure by setting 

, \o:itmv) if if a-^{m) ^ m{uj), 

A (z;) = < I i^v) = 

yfa{tmv) t/m = m(w); yja~^{v) if a~^ (m) = m{uj). 

The module V{(jj,f) is irreducible. 

Case |u;| < oo,B^ ^ 0: Here, we receive two families of indecomposable fam¬ 
ilies. Suppose \B^\ = m > 0. Then there is a one-to-one correspondence 
Zjn -5- Bjn with rUi = a* (mo) for some fixed break mo. For any m G w, let 
j(m) G Zm be the unique j such that m^-i < m < m^. Let x, y be two noncom¬ 
muting variables. 

Family 1. Fix j G Zm and w = 2:122 • • • 2n be a word of length n > 1 where 
each Zi G {x,y}. Let eo,ei,...,e„ be n + 1 symbols. For each m G w, let 
Vnt be a vector space over kn, with basis {(m, e^) | k + j = j'(m) G Z^}- Put 
V{uj,j,w) = ©mGwKn and it has an H-module structure given by 


X(m, efc) 


{ tm{a(m),ek) 
(a(m),efc+i) 
0 


ifm^B, 

i/m G B^ and Zk+i = x, 
otherwise; 


{ {a ^(m),efe) i/m is not a break, 

{a~'^{m),ek-i) i/m G and Zk = y, 

0 otherwise. 

Let mi be that break for which n + j = j'(mi) G Z^. Then X(mi,e„) = 0. 
Similarly, let mo be that break for which j = /(mo) G Then T(mo, eo) = 0. 
The module V{uj,j,w) is irreducible if and only if w is the empty word. 
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Family 2. Let w = ziZ 2 Zn be a word whose length n is a multiple of m 
for Zi € {x, y}. Let / S k*. Consider n elements Ck where k = 1, 2,..., n. For 
m G w, let Vm be a k^ vector space with basis {ck \ k = j[m)[mod to)}. The 
vector space V{LO,w,f) = 0mGixjKn bas an A-module structure given by 


X(m, Cfe) 


/ 

tm{a{m),ek) 

(a(m),e/c+i) 

/(a(m),ei) 

0 

V 


if m is not a break; 
ifmG B^, k^n, Zk+i = x; 
if m G k = n, zi = X] 
otherwise; 


T{m,ek) = < 


{a ^(m),efc) if a ^(m) is not a break; 

(a“i(m),efc_i) if g B^,k^ l,Zk = y; 

/(a“i(m),e„) if g B^,k = l,zi = y; 

0 otherwise; 


The module V{ui, w, f) is irreducible if and only if re = x^ or w = y'^‘ 


3. Indecomposable modules over Ag and Ai. 

3.1. The LIST OF Aq-iNDECOMPOSABLES. Here we go through the list of GWA- 
indecomposables as described in [2] and understand them as A^-weight modules. 

3.1.1. The module Vq{uj,b) for & G k* \ Suppose that |a;| = oo and 

= 0. In this case, we see Vq{uj,b) = ©igzkwi where {z^ijigz is a basis, and 

the action is defined by: 

X{vi) = {q"^^b - l)vi+i, Yi{vi) =Vi-i, 

f{T, a){vi) = f{a + i, q"b)vi, for f G k[T, a, a~\ 

Note in particular that (cr — l)(i;i) = {q^b — l)vi ^ 0 since b ^ {q^}j^z- Thus, 
in this case we can extend the action of Aq on Vq{uj,h) to an action of D by 
setting 

r(".) = v.ez. 

Thus, for any a G k, we obtain an irreducible H-weight module, denoted by 
Vq{u!,b,a). Using appropriate scalar multiples of Vi, we visualize Vq{u!,b,a) 
without loss of generality as follows: 
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a = q a = q ^b, a = b, a = qb, 

T = a — 2 T = a — 1 T = a r = o+ l 



Remark 1: When characteristic ofk is 0, and a G k\Z (respectively, a G k\Zp 
when characteristic ofkisp>0) then the resulting module Vq{uj,b,a) is an 
irreducible Ai-module. If a € h (respectively, a G Zp), then the resulting 
module Vq(uj, b, a) is an indecomposable Ai-module. 

3.1.2. The module Vq{uj, J, J') when q is not a root of unity. Suppose |a;| = oo 
and 7 ^ 0. That is, w = {W{t — a,a — 6)}igz- Since B = {(t — c,qa — 1) \ 
c G k}, we have 7 ^ 0 if and only if b = q^ for some fc G Z. That is, without 
loss of generality, 

uj = {rUi = (t - a - i,a - and B,^ = |mo = - a, ct - ^ 

Set = {mo,mi}. Thus, we have options which we investigate one at a time: 
(1) J = B(,,J' = {mo}, no = —oo,ni = 00 . In this case, we have V = 
Set kvi = Kmi for i G Z. That is, vq G Rmo- Here, 



X(v) = 


vi if V = Vo 

(g* - l)vi+i ifv = Vi 


Yiiv) = 


0 if V = vi 

Vi-i ifv = Vi 


Vi gZ. 


Further, a{vi) = g* ^Vi, T{vi) = (a + i)Vi Vi G Z. 

Using the fact that YX = t, we now define action of Y on Vq{oj, J, J') as , 

Y(vi+i) = Vi 7^0, y(vi)=avo. 

(Q - 1 ) 

For every a G k, we thus have a D weight module denoted by Vq{oj,J,J',a) 
which is irreducible if a 7 ^ 0, and indecomposable if a = 0. Note that if a G 
Z \ {0} then Vq{uj, J, J',a) is not simple as either Aq module or Hi-module. 
But it is simple as a R-module. By considering suitable scalar multiples of Vi, 
without loss of generality, we visualize Vq{oj, J, J', a) as follows: 
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T = g-^ 
T = a — 2 


a = q % 
T = a — 1 


r = a + 1 




Y = a-2 




y = a-l 


Fi = 0 


(2) J = = 0, no = —oo,ni = oo. In this case again, we have V = 

Set kuj = Krm for i G Z. Here, 

X{v^) = {q'--l)v^+i, Yi{vi) = v^-i, a{v^) = q^~^Vi, T{vi) = {a+i)vi,\/i € Z. 

Using the fact that YX = t, we may define Y on Vq{u}, J, J'), but requiring 
that XY{vi) = (r — l)(ui) gives us a = 0. Thus, we have the following: 


T{vi)=ivi-, Y{vi) = 


if i = 1, for some c G k. 


q^~^ — 1 


Vi-i ifi^l. 


For any fixed c G k, we have a T)-module which is indecomposable, but not 
irreducible. Notice that if c = 0, then U is a decomposable Hi-module, but an 
indecomposable Hg-module which is reducible as an H^-module. 

A generalization of the above set-up: For any c, d G k, set Ug(w, J, J', c, d) = 
with Here, 

X{vi) = {q^'- l)vi+i] a{vi) = q^~^Vi, T(vt) = m Vi G Z. 


Yi(v,) = 


cvo i/i = 1, for some c G 
Vi-i i/iyfl. 


dvo 

YM = < / i - 1 

I U-i-1 


i/i = 1, for some d G k. 


Vi-i i/i 7^1. 


We have a U-module which is indecomposable (but not irreducible) for (c, d) yf 
(0,0). If c = 0 and d yf 0, then we have a module which is decomposable as 
an A^-module, but indecomposable (but not simple) as an an Ai-module and 
hence indecomposable as a D-module. Conversely, if c yf 0 and d = 0, then 
we have a module which is decomposable as an Ai-module but indecomposable 
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(yet not simple) as an ^®-modue and hence indecomposable as a I?-module. 
With a suitable change of basis, the picture is as follows: 



Remark 2: If a ^ 0, then for J = J' = 0, the module Vq(uj, J, J') cannot 
be extended to a D-module. 

(3) J = {mo}, J' = 0, no = -oo, ni = mo 
In this case again, we have Vq{(jj, J, J') = ©j<okui. Set kui = Kmi for i < 0. 
Here, 


X{vi) = 1 

i iq" - l)n*+i 

for i < —1, 

Yi{vi) = 


for i = 0 

II 



T{vi) = (a + i)vi Vi < 0, 


Since cr — 1 ^ 0, we can dehne action of Y on on Vq{uj,J,J') by letting 
/r - 1\ 

Y = Yi \ - . This gives an irreducible D weight module denoted by 

Vq{uj, J, J', a). After a suitable change of basis, the picture here is 


a = g-^ 

T = a — 2 


cr = g 2, 
r = a — 1 


-1 


a = q 
T = a 




V-2 V-i 



Vo 


Y = a — 2 Y = a — 1 


Remark 3: When characteristic ofk is 0, and a G k\Z (respectively, a G k\Zp 
when characteristic ofkisp>0) then the resulting module Vq{uj,b,a) is an 
irreducible Ai-module. If a € h (respectively, a G hp), then the resulting 
module Vq{uj, b, a) is an indecomposable Ai-module. 



Vol. 00, xxxx 


REPRESENTATIONS OF 


11 


(4) J = {rrii}, J' = 0, no = nio,ni = oo In this case we have Vq{uj,J,J') = 
©i>iki;j. Set = Krm for i > 1. Here, 


X{vi) = (<7* - l)wi+i; 

o’(wi) = 


Yiivi) = 


Vi-i for i > 2, _ 
0 for i = 1 

T{vi) = (a + i)vi Vi > 1. 


Since cr — 1 0 on i;j,i > 2, we can define Y on on Vq{uj,J,J') by letting 

Y = Yi on Vi, i > 2 and = 0. This gives an irreducible D 

module we denote by Vq{uj, J, J', a). Here the picture is: 


(7=1, cr = g, = 

T = a +1 T = a + 2 T = a + 3 



Remark 4: When characteristic of k is 0, and a € k\Z (respectively, a € k\Zp 
when characteristic ofkisp>0) then the resulting module Vq{uj,b,a) is an 
irreducible Ai-module. If a € h (respectively, a € hp), then the resulting 
module Vq{uj, b, a) is an indecomposable Ai-module. 

(5) J = 0, J' = 0, no = nio,ni = oo. The resulting module is the same as the 
one above in case (4). 

(6) J = 0, J' = 0, no = —oo, ni = oo. The resulting module is the same as the 
one above in case (2). 


3.1.3. The module Vq{uj, J, J') when q is a root of unit of 1. Note that since 
|u;| = oo and q is a root of 1, this case arises when characteristic of k is 0. 
Since D contains Ai (k), we can extend only those Hg-modules which are infinite 
dimensional. In other words, we consider only those J C B'^ for which no = —oo 
or ni = oo. We also have b = q^ for some fc G Z, |i?^| = oo and = B^,. 
Set J' G J not containing the maximal element of J and we consider the 
indecomposable Hg-module Vq{uj, J, J'). We point out that Vq{uj,J,J') is not 
irreducible H^-module for any choice of J'. 
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Not every Vq{u), J, J') can be extended io & D module. Using the condition 
YX = T we see the following cases for any v ^ 0,v G Vm'- 
Case 1: X{v) = ca{v) yf 0. Then, set Y{a{v)) = 

Case 2: For xn G J \ J', X{v) = 0, yi(a(w)) = v and t{v) = 0. In this case set 
Y{a{v)) = dv for any d G k. 

Case 3: For m G J\J', X{v) = 0, Yi(a{u)) = v and t(v) ^ 0. In this case this 
Ag-module cannot be extended to a Z3-module since we require YX{v) = t(v). 
In particular, since the characteristic of k is 0, we have that r = 0 can happen for 
at most one weight m. Thus, if mi,m 2 G J\J' are such that ^(ui) = X{v 2 ) = 0 
for vi,V 2 7 ^ 0,i;i G mi,z ;2 G mi, then this ^q-module cannot be extended to a 
U-module. 

Remark 5: In case there is a D-module structure, then that structure is in¬ 
decomposable D-module since it was indecomposable as an Aq-module to be¬ 
gin with. This module is irreducible as a D module if and only if X 0 
for any m yf rii and Y,Yi are not simultaneously zero unless a“^(m) = Uq. 
Further, if X yf 0 for any m yf Ui and Y(v) = Yi{w) = 0 for nonzero 
v,w,v yf w,v,w ^ Ua(no) then we have an irreducible D-module which is not 
irreducible as an Ai or an Aq-module. 

3.1.4. The module Vq{oj, f, h) for b ^ This family of Glg-decomposables 

arise when |a;| < 00 and = 0. In particular, the characteristic of k = p > 0, 
and (7 is a root of 1 Since = 0, we have w = a*(m) where m = {t — a, a — b) 
where a, 6 G k, & yf 0, & ^ Suppose |a;| = r (therefore, g’’ = 1 and 

p/r). For any / G k*, let Vq{u),f,b) = 0i<i<rkui be an r-dimensional vector 
space and give it ^q-module structure as described in section im with A = Aq, 
T = Yi, and U,(a;, /, b) = V{uj, /) setting 


a(vi) = g* ^bvi; X(vi) 


(q"b-l)vi+i ifi<r, 
f{b-l)vi ifi = r; 


Vi-l 

jvr 


T{vi) = {a-\-i - l)vi-, Yi{vi) 


ifi = l. 
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Since action of X is an isomorphism, we extend the action of Aq to an action 
of D by using YX = t and setting 


Y(.Vi+i) 


a + i — 1 

5*6 — 1 
a + r — 1 


Vi 


fib-l) 




We denote the resulting irreducible _D-module by Vq{uj, f,b,a). Note that the 
resulting Ai-module is also irreducible since X is invertible. With a change of 
basis we see the picture as given: 


a = 5*-16, 

T = a + r — 1 

9 

Vr 


x = f 


a = b, a = qb, a = q^b, 

T = a r = a+ l t = a + 2 



Y = a Y = a + l 


3.1.5. The module Vq{uj,j,w). This family of Ag-decomposables arise when 
|w| < oo and ^ 0 and this is Family 1 as described in section I^TTl Let 
|B(^| = m > 0 (that is, 6 G { 5 *}jgz). The one-to-one correspondence ^ Bm 
and j (m) G are as described in section 12.11 Let x,y he two noncommuting 
variables. 

Fix j G Zm and w = ziZ 2 - ■ ■ Zn be a word of length n > 1 where each 
Zi G {x,y}. Let eo,ei,...,e„ be n -I- 1 symbols. For each m G w, let Kn 
be a vector space over with basis {(m, e*,) | k + j = G Z^}. Put 

Vq(u},j,w) = ©mgwlm and it has an Ag-module structure given by 

{ tm(a(m),efe) 

(a(m),efc+i) ifm€B^ and Zk+i = x, 

0 otherwise] 
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f (a ^(m),efe) 

Fi(m, Cfe) = < (a“^(m),efe_i) if m € and Zk = y, 

[O otherwise. 

The module Vq{uj,j,w) is irreducible as an A^-module when w is the empty 
word. Not every Vq{uj,j, w) can be extended to a Z? module. Using the condition 
YX = T we see the following cases for any v ^ Q,v &Vm. 

Case 1: X{v) = ca{v) ^ 0. Then, set Y{a{v)) = 

Case 2: For m € X{v) = 0, ^ 1 ( 0 ( 1 ;)) = v and t{v) = 0. In this case set 
Y{a{v)) = dv for any d G k. 

Case 3: For m G B^^, X{v) = 0, yi(a(i;)) = v and t{v) ^ 0. In this case this 
Ag-module cannot be extended to a Z5-module since we require YX{v) = t{v). 

In cases 1 and 2, we obtain an indecomposable H-module since it was inde¬ 
composable as an ^^-module to begin with. 


Remark 6; • This module is irreducible as aD module if and only if X ^ 

0 at any vector other than (mi,e„) and Y,Yi are not simultaneously 
zero other than at (mo,eo). If in addition, ifY{v) — 0 and Yi{w) = 0 
for some v ^ w then we have an irreducible D-module which is not 
irreducible as an Ai or an Aq-module. 

• Another point to note, as we have seen in Case 3 above, not every 
Aq-module has a D-module structure. 

• In Case 2 above, we could have Y(a{v)) = dw for some other w with 
X{w) = 0,t{w) = 0 thereby giving us yet another extension of an 
Aq-module to a D-module. 


3.1.6. The module Vq(uj,w, f). This family of >lq-decomposables arise when 
I a; I <00 and B^ ^ 0 and this is Family 2 as described in section [2TT1 Let 
w be a word of length n where n is a multiple of m and let / G k*. Consider 
n elements Cfc where k = 1,2,.. .,n. For m G oi, let Vm be a km vector space 
with basis {ck \ k = j[mod m)}. The vector space Vq{ui,w, f) = ©mecjUn has 
an ^-module structure given by 


/ 

tm{a{m),ek) 

(a(m),efc+i) 

/(a(m),ei) 

0 

V. 


if m is not a break; 
if me B^,k ^ n,Zk+i = x', 
i/ m G Rcj, k = n,zi = x; 
otherwise; 


X{m,ek) = < 
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if a ^(m) is not a break; 
if a~^{{m) e Bu:,k ^l,Zk = y, 
if a~^{m) £ B,k = l,zi = y,s = I] 
otherwise; 

The module Vq{uj,w, f) is irreducible if ru = x™ or w = y'^. The extension of 
this action to an action of D follows the same pattern as in the previous case 
Vq(uj,j,w), section [3 .1.5 1 That is, 

Case 1: X{v) = ca(v) ^ 0. Then, set F(a('y)) = 

Case 2: For m £ B^, X{v) = 0, Fi(a(i;)) = v and t{v) = 0. In this case set 
Y{a{v)) = dv for any d G k. 

Case 3: For m G B^^, X{v) = 0, Yi(q;(i;)) = v and t{v) 0. In this case this 
Ag-module cannot be extended to a Z3-module since we require YX{v) = t(v). 
The extended U-module is also indecomposable. 

Remark 7: • This module is irreducible as a D module if and only if 

X = 0 at at most one basis vector and Y, Yi are not simultaneously 
zero. 

• Not every Aq-module has a D-module structure. 

• In Case 2 above, we could have Y(a(v)) = dw for some other w with 
X{w) = 0,t(w) = 0 thereby giving us yet another extension of an 
Aq-module to a D-module. 

3.2. The LIST OF Tli-iNDECOMPOSABLES. Now we go through the list of GWA- 
indecomposables as described in [2] and understand them as Ai-weight modules. 


{a i(m),efe) 


Yi(m, Cfc) = < 


/(a-i(m),e„) 

0 


3.2.1. The module Vi{uj, a). Heret |a;| = oo and = 0. Hence, a G k \ Z if the 
characteristic of k is 0, and a G k \ Zp if the characteristic of k is p > 0. Here, 
Vi{uj, a) = ©igzkxi where {uijigz is a basis, and the action is given by 

X{vi) = {a-Ii)vi+i, Y{vi) = v^-i, f{T,a){vi) = f{a-\-i,qT)vi, forf£k[T,a, 


For any b £ k*, we may extend the action of Ai on Vi(a;,a) to an action of D 

(q^b — 1 ) 

by setting Yi{vi) = - - zVi-i. The resulting module is denoted VAuj, a, b) 

(a-fi- 1) 

and is an irreducible H-module. By a suitable change of basis the picture for 
Vi{ui, a, b) is identical to the picture of Vq{u!, b, a) drawn in case I3.1.T] 
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3.2.2. The module Vi(a;, J, J') when eharacteristic o/k is 0. Suppose that |w| = 
00 and ^ 0. That is, w = {a*(T —a, cr — 6 )}igz- Since B = {(r, cr —c) | c € k}, 
we have B^^ 7 ^ 0 if and only if o G Z. Without loss of generality, a = 0. That is, 
w = {m* = (r-i,cr-g* 6 )}^gz, and B^ = {mo = (t,(t - b)}. Set B'^ = (mo,mi}. 
Thus, we have the following options: 

(1) J = B'^, J' = {mo}, no = - 00 , ni = 00 
In this case, we have Vi{uj, J, J') = ©“_j^ki;i. Set krij = Krm for z G Z. 


X{v,) = 


vi ifi = Q 


Y{vi) = 


0 ifi = l 
v^-i ifi^l 


on Vi(uj, J, J') as follows: = 


o’(ni) = q'^bvt, t{v^) = ivi Vz G Z. 

e c 

Vi Vz 7 ^ 0 


Using the fact that YiX = qa — 1, for a fixed 6 G k* we define an action of Yi 

{q^+*b-l) 


The resulting D 


{qb — l)no- z = 0 . 
module, denoted by Vi{uj, J, J',b), is irreducible if & 7 ^ i. If 6 = g* for some 
z G Z,z 7 ^ — 1, then this module is irreducible as a D module even though it is 
not irreducible as an Ai module or an Aq module. The picture for this module 
is identical to the one drawn in subsection 13. 1.1 1 for a = 0. 

(2) J = B’^,J' = 0, no = - 00 ,ni = 00 . 

In this case again, we have Ui(a;, J, J') = Set kvi = Km. for z G Z. 

Here, 


X (vi) = ivi+i] Y{vi)=Vi-i-, a{vi) = q^bvt, T{vi) = iVi 'ii&'L. 


Using the fact that YiX = gcr — 1, we now define action of Yi on V (w, J, J') by 


Yi{vi) 


CVo 




Vi-l 


if i = 1, for some c G k, 
ifi^l. 


Requiring that XYi{vi) = (cr — l)(z;i) gives ns b = q Thus, we have the 
following: 


(T{vi)=q'' ^Vi] Fi(z;i) 


CVo 



z/z = I, for some c G k, 
ifi^l. 


For any fixed c G k, we have a H-module denoted by Ui (w, J, J', c), which is 
indecomposable, but not irreducible. 
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Remark 8: Ifb^q ^ , then Vi{uj, J, J') does not have a D-module structure. 

We may generalize this construction to the following D-module denoted by 
Vi(a;, J, J', c, d) for any c, d € k. Set Vi(a;, J, J', c, d) = Here, 

X{vi) = ivi+i, a{vi) = T{vi) = ivi € Z. 


cvq ifi = l, for some c € k, 

Vi-i 

dvo if i = 1 ) for some d G k, 

Vi-i ifi^l. 

The D-module Vi{uj, J, J',c,d) is indecomposable. Its picture is identical to 
that of l3.1.21 case ( 2 ). 

(3) J = {mo}, J' = 0, no = -oo, ni = mo 
In this case again, we have Viiu, J, J') = ©j^okui. Set kvi = Km. for i < 0. 
Here, ^(ui) = Ui_i; a{vi) = q^bvi, T{vi) = iVi and 




X{vf) 


ivi+i for i <-I 
0 for i = 0 


Vi < 0. 


Since t — I 7 ^ 0, we can define Yi on on Vi(uj, J, J') by letting Yi =Y 

This gives a module structure of D on on Vi(a;, J, J'), and it is irreducible. The 
picture here is identical to that of l3.I.2l case (3). 

(4) J = (mil, J' = 0, no = mo,ni = 00 In this case we have J, J') = 
©i>ikui. Set kui = Kmi for i > 1. Here, <j(vi) = q^~^bvi, T{vi) = ivi and 



X{vi) = ivi+i Y{vi) 



for i > 2, 
for i = 1 


Vi > 1. 


Since t — I 7 ^ 0 on Ui,i > 2, we can define Yi on on Vi[(jJ,J,J') by letting 
Yi = Y on Vi,i>2 and Yi(ui) = 0. This gives a module structure of 

D on on Yi(a;, J, J'), and it is irreducible. Here the picture is identical to that 
of l3.1.21 case (4). 

(5) J = 0, J' = 0, no = mo,ni = 00 . The resulting module is the same as the 
one above in case (4). 
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( 6 ) J = 0, J' = 0, no = —oo, ni = cx). The resulting module is the same as the 
one above in case ( 2 ). 

3.2.3. The module Vi{uj, J, J') when characteristic ofk is nonzero. Note that 
since |a;| = oo and characteristic of k is p > 0, this case arises when q is not 
a root of 1. Since D contains Af(lk), we can extend only those ^i-modules 
which are infinite dimensional. Thus, we consider only those J C B'^ for which 
no = —oo or ni = oo. We also have a G Zp, \B^\ = oo and B^, = B^^. Set J' C J 
not containing the maximal element of J and we consider the indecomposable 
Ai-module Vi(a;, J, J'). We point out that Vi{uj,J,J') is not irreducible Ai- 
module for any choice of J'. 

Not every Vq{uj,J,J') can be extended to a, D module. Using the condition 
YX = T we see the following cases for any v ^ t),v &Vm. 

Case 1: X{v) = ca{v) ^ 0. Then, set ^ 1 ( 0 ( 1 ;)) = 

Case 2: For m & J \ J', X{v) = 0, Y{a{v)) = v and qcr{v) = v. In this case 
set Yi{a{v)) = dv for any d G k. 

Case 3: For m € J \ J', X{v) = 0, Y{a{v)) = v and qcr{v) ^ v. In this case 
this ^i-module cannot be extended to a H-module since we require YiX(v) = 
{qa — l)(u). In particular, since q is not a root of 1, we have that qa = 1 
can happen for at most one weight m. Thus, if mi, m 2 G J \ J' are such that 
X(?;i) = X{v2) = 0 for vi,V2 ^ 0, G mi, U2 G mi, then this Ai-module cannot 
be extended to a T>-module. 

Remark 9: In case there is a D-module structure, then that structure is in¬ 
decomposable D-module since it was indecomposable as an Ai-module to be¬ 
gin with. This module is irreducible as a D module if and only if X ^ 0 
for any m 7 ^ tii and Y,Yi are not simultaneously zero unless a“^(m) = Uq. 
Further, if X ^0 for any m ^ Ui and Y(v) = Yi(w) = 0 for nonzero 
v,w,v 7 ^ w,v,w ^ Va{no) then we have an irreducible D-module which is not 
irreducible as an Ai or an Aq-module. 

3.2.4. The module Vi (w, /, a) for a ^ Zp. This family of Ag-decomposables arise 
when |a;| < 00 and B,^ = 0. In particular, the characteristic of k = p > 0, and q 
is a root of 1 Since B,^ = 0, we have oj = a*(m) where m = (r — a, a — b) where 
a, 6 G k, & 7 ^ 0, a ^ Zp. Suppose |w| = r (therefore, g’’ = 1 and p/r). For any 
/ G k*, let Vi{uj,f,a) = 0i<i<rkwi be an r-dimensional vector space and give 
it Ai-module structure as described in section 12.11 with A = Ai, T = Y, and 
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V(uj, f,a) = V(uj, f) setting 
a{vi) = q^~^bvi] 


T{vi) = {a + i - 1)?;^; 

YM = 


X{v,) = 


(a + z-l)i;i+i ifi<r, 
f{a-l)vi ifi = r; 


Vi-i ifi>l, 
jVr if i = 1. 

Since action of X is an isomorphism, we extend the action of Ai to an action 
of D by using YiX = qa — 1 and setting 




a + i — 1 


Vi ifi> 1; 

-Vr if i = 1- 


/(a - 1) 

We denote the resulting irreducible H-module by Vi{uj, f, a, b). With a change 
of basis we see the picture as given in section 13.1.41 


3.2.5. The module Vi{u!^ j,w). This family of Ai-decomposables arise when 
|w| < cx) and ^ % and this is Family 1 as described in section 12.11 Let 
\Bui\ = m > 0 (that is, a G Zp). The one-to-one correspondence Z^ — 
and j (m) G Z^ are as described in section 12.11 Let cc, y be two noncommuting 
variables. 

Fix j G hm and w = ziZ 2 ---Zn be a word of length n > 1 where each 
Zi G {x,y}. Let eo,ei,...,e„ be n -I- 1 symbols. For each m G w, let Vm 
be a vector space over with basis {(m, es,) | k + j = j{m) G Z^}. Put 
Vi(a;, j, w) = ©mei.jl4i and it has an Ai-module structure given by 

{ tm(a(m),e/c) ifm(fB, 

(<a(m),efc+i) ifm€B^ and Zk+i = x, 

0 otherwise-, 


i (a ^{m),ek) if m (f B, 
y(m,efe) = < (a“^(m),efe_i) i/m G and Zk = y, 

I 0 otherwise. 

The module Vi{uj, j,w) is irreducible as an Ai-module when w is the empty 
word. Not every Vi w) can be extended to a D module. Using the condition 
YiX = qa — 1 we see the following cases for any v ^ 
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Case 1: X{v) = ca{v) ^ 0. Then, set yi(a(n)) = 

Case 2: For m € X{v) = 0, Y{a{v)) = v and q(j{v) = v. In this case set 
yi(a(t;)) = dv for any d £k. 

Case 3: For m £ B^i, X{v) = 0, Y{a{v)) = v and q(j{v) ^ v. In this case 
this Ai-module cannot be extended to a U-module since we require YiX(v) = 
{qa - I)(w). 

In cases 1 and 2, we obtain an indecomposable £)-module since it was inde¬ 
composable as an -module to begin with. 

Remark 10: • This module is irreducible as a D module if and only if 

X ^ 0 at any vector other than (mi,e„) and Y,Yi are not simulta¬ 
neously zero other than at (mo,eo). If in addition, ifY(v) — 0 and 
Yi(w) = 0 for some v ^ w then we have an irreducible D-module which 
is not irreducible as an Ai or an Aq-module. 

• Another point to note, as we have seen in Case 3 above, not every 
Ai-module has a D-module structure. 

• In Case 2 above, we could have Yi(a(v)) = dw for some other w with 
X{w) = 0,qa{w) = w thereby giving us yet another extension of an 
Ai-module to a D-module. 

3.2.6. The module Vi{ui,w, f). This family of Ai-decomposables arise when 
|a;| < oo and ^ ^ and this is Family 2 as described in section [211 Let 
w be a word of length n where n is a multiple of m and let / € k*. Consider 
n elements where k = 1,2,... ,n. For m S w, let Kn be a vector space 
with basis {cfe | k = j{mod m)}. The vector space Vi{uj,w, f) = ©me(.jl4i bas 

if m is not a break; 
ifm£ k^n, Zk+i = x; 
if m £ B, k = n, zi = x; 
otherwise; 

if a“^(m) is not a break; 

ifa-^{{m) £ B,k^l,Zk = y, 
if £B,k=l,zi=y, 

otherwise; 


an A-module structure given by 


X{m,ek) = < 


tmia{m),ek) 

(a(m),efc+i) 

/(a(m),ei) 

0 


F(m, Cfc) = < 


{a-\m),ek) 

(a“i(m),efc_i) 

/(a(m),e„) 

0 







Vol. 00, xxxx 


REPRESENTATIONS OF T)5{k[*]) 


21 


The module Vi{uj,w, f) is irreducible if ui = x™ or w = y™. The extension of 
this action to an action of D follows the same pattern as in the previous case 
Vi{uj,j,w), section [H.2.51 That is, 

Case 1: X{v) = ca{v) ^ 0. Then, set Fi(a(w)) = 

Case 2: For m € = 0, Y{a{v)) = v and q(T{v) = v. In this case set 

Yi(a(u)) = dv for any d £k. 

Case 3: For m £ X{v) = 0, F(a(u)) = v and q(j{v) ^ v. In this case 
this Ai-module cannot be extended to a U-module since we require YiX(v) = 
{qa - I)(w). 

When one can extend to a U-structure, the extended Z?-module is also inde¬ 
composable. 

Remark 11: • This module is irreducible as a D module if and only if 

X = 0 at at most one basis vector and Y, Yi are not simultaneously 
zero. 

• Not every Ai-module has a D-module structure. 

• In Case 2 above, we could have Yi(a(v)) = dw for some other w with 
X{w) = 0,qa{w) = w thereby giving us yet another extension of an 
Ai-module to a D-module. 


4. Irreducible I?-modules 

Proposition 1: All nonzero weight-spaces of an irreducible weight D-module 
are 1-dimensional. 

Proof. Consider the following quiver Q 



subject to all the relations inherited from D. Let kQ be the path algebra of Q. 
Fix an tth vertex and consider the cyclic subalgebra Q{i, i) of kQ which consists 
of all paths that start and end in i. It is a standard fact that the restriction of 
any irreducible kQ-module V onto Q{i,i) is irreducible. But Q{i,i) = kjcr,r]. 
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Since k is algebraically closed then any irreducible module over Q{i,i) is 1- 
dimensional. I 

Theorem 1: Let V be an irreducible D weight module. Then V is indecom¬ 
posable as an Aq as well as an Ai weight module. 

Proof. Let V = be an irreducible D weight module where w is one 

orbit. 

Case: X is injective on V. If w is cyclic, then V is finite dimensional and 
every nonzero weight space is one dimensional. Let vq € mo € uj,vo ^ 0. Then 
X*(vo) € Q;*(mo) and X*('(;o) ^ 0 for every i > 0. That is, if a; = {a*(mo) | 
0 < i < r}, then V has basis {X®(vo) | 0 < i < r}, and the only X-invariant 
subspaces are {0} and V. That is, V is indecomposable as an Ai and as an Aq 
module. 

If uj is linear and suppose there exists a vq € V,vo ^ 0 such that the preimage 
X“i(vo) = 0. If T(t;o) = w ^ 0, then XY(vq) = (t - l)(wo)- If {t - l)(vo) = 
ct;o,c 7 ^ 0, then X(^) = vg contradicting the fact that = 0. Thus, 

XY{vo) = (t — I)(vo) = 0. If m 7 ^ 0, then X{w) = 0 contradicting the 
injectivity of X. Thus, T(vo) = 0. Similar argument gives us yi(wo) = 0. In 
other words, the span of {X*(vo) | i > 0} is a D-submodule of V, and hence 

V = ©“gkX*(vo) and therefore indecomposable as Ai and Aq module. 
Suppose the preimage (?;) 7 ^ 0 for any weight vector v. Let vg € Vmo) fq 7 ^ 

0 be a weight vector. Then I4(i(n,p) = kX*(r)o) for any i G Z. Note that since 
X is injective, X^(vg) is a singleton set for i < 0. Thus, V is indecomposable 
as Ai and Aq module. 

Case: X(wo) = 0 for a nonzero vector vg G Vmo for some mo G w. Then 

V = D ■ Vg = S ■ Vg where S is the subalgebra of D generated by Y, Yi over R. 

Suppose |w| = 00 . That is, V = ©i<oI4<(mo) 0- Suppose X : 

Ia*+i(mo) is zero on these one-dimensional spaces for some i < 0. Then, W = 
(mo) i® ^ I?-submodule of V. Therefore, X : Vai{mo) Ia*+i(mo) i® 
isomorphism for every i < 0. For any Ai or Aq submodule W of V, if Vi G W, 
then X^(vi) G W, Vj > 0. In particular vg G W. Thus V is Ai and Aq 
indecomposable. 

Suppose |w| = r -I- 1 < 00 . Let V = Vm^ ©Kt^-i © ■ • ■ © Vmo■ Suppose Kn. = 0 
for some i, 0 < i < r, then W = Vmi_i ©Imi_ 2 ©- • -©Imo is a T>-submodule oiV. 
Therefore, we may assume that every Vxm is one dimensional for 0 < i < r and 
let Ui be a basis vector for for each 0 < i < r. Note that Y, Yi : Vm^ Kno 
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since = mo- Since XY{ur) = XYi{ur) = 0 and XY = r — 1 and 

XYi = cr — 1, we have = (r — 1, cr — 1). If X : —>■ Imi_i is the zero map 

for any i,0 < i < r, then again mi_i = (t — 1, cr — 1) contradicting the fact that 
w is a single orbit. 

Therefore, X : Vm^ —>■ Idui-i isomorphism for every 0 < i < r. Then 

V = in other words, every X-invariant subspace of V contains 

Vo, thereby making V an indecomposable Ai and an Ag module. I 


4.1. Characteristic of k is 0. Here m = {t — a,a — b) for some a,b G k, 
with b ^ 0. Note that {qa — 1) € m if and only if 6 = - and r € m if and only 

if a = 0. In other words, the set of breaks B = {{t — a, a — ^) | a G k} when 
studying Ag weight modules, and B = {{t, a — b) \ b G k} when studying Ai 
weight modules. 

Fix m = (t — a,a — b). Then, a^(m) = (t — a — k, — b). That is, w = 
{(T — a — k,-^ — b) I k G Z}. If k is of characteristic 0 or if q is not a root of unity, 
then |a;| = oo. Note, {qa — 1) G a^(m) if and only if & = q~^~^ (respectively, 
T G a^(m) if and only if a = —k) for k G Z. That is, \B,^\ < 1 since = 0 if 
b ^ or = (r — a — fc, qcr — 1) if 6 = q~^~^, while studying Hq-modules; 

or = 0 if a ^ Z or = (t, cr — q^b) if a = fc while studying Hi-modules. 

We now consider the following families: 

Family I: Let V be an irreducible Ag weight module. 

Case: q is a root of 1. Here, by Theorem (5.8) of [2] F is isomorphic to 
Vq{uj, b) for & G k* \ {q®}igz. For any a G k, the module Vg{uj, b) can be given 
an irreducible Z?-weight module structure, and we denote this D module by 
Vq{uj,b,a). The details are given in section (XU case ld.l.Il 
Case: q is not a root of 1. In this case we have more families of irreducible 
modules. Here, as an irreducibel Hg-module, V is one of the three: Vq{u),b) 
for & G k* \ {q*}iez (described in section IXTl case 13.1.11) . or Vq{uj,J,J') (de¬ 
scribed in section [XT] case 13.1.21) subcases (3) and (4). For any a G k, these 
Hq-modules are extended to irreducible D weight modules; these extensions, 
denoted Vq{iiJ, b, a), Vq{uj, J, J' , a), are also described in the mentioned sections. 
Family II: Let V be an irreducible Ai weight module. Here, V is one of 
the three: Vi{uj,b) (described in section IT. 2. 1|) and Vi{oj,J,J',b) cases (3) and 
(4) (described in section IT. 2. 21 cases (3) and (4)). Since these modules are Ai 
irreducible, they are H-irreducible whether or not q is a root of unity. 
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Family III: Irreducible D weight modules which do not arise from 
the families I and II above A D weight module is also an Aq and an Ai 
weight module. Note that an irreducible D-weight module need not result in 
an irreducible Aq or an irreducible Ai weight module. For instance, the module 
Vq{u}, J, J',a) described in 13.1.21 case (1) is an irreducible D weight module 
which does not arise from the two families I and II. But by Theorem [T1 every 
irreducible D-module results in an indecomposable Ai and an indecomposable 
Ag-module. So, we start with those modules V which are indecomposable (but 
not irreducible) as Ai-modules, and which can be extended to irreducible D- 
modules while ensuring that they stay indecomposable (but not irreducible) as 
Ag-modules. 

Thus, |w| = oo, and ^ 0 , where w = {a®(T — a,a — b)}. Here, refer 
to section 13.2.21 We see 0 implies that a S Z. We obtain irreducible 

Z3-modules in two ways. One is described in case (1), for 6 G k \ The 

other, and its generalization, is described in case (2) for b = Note that in 

these cases, q may or may not be a root of unit (refer to 13.1.31) . 

Theorem 2: When characteristic of k is 0 the irreducible D-modules are as 
described in families I, II, and III. 

Remark 12: Not every indecomposable Ai-module can be given a D-module 
structure, (see Remark section 13.2.21) . Likewise, not every indecomposable 
Aq-module can be given a D-module structure, (see Remark{^ section 15.1.21 
and Remarkl^, section ld.!.,!) . 

Remark 13: The key point in TiieoremQJis PropositionQ} that is, every weight- 
space of an irreducible D weight module is one dimensional Note that an inde¬ 
composable D weight module need not satisfy this property. For example, let 
V (c, d) = (©j<_ikMi) © (©i<_ikwi) © (©i>okr!i) be given a D-module structure 
as follows: 



Ui+i ifx = Ui,i^-l, 

Wi+i ifx = Wi,i^-l, 

0 if X = W-i or X = u-i, 

Ui+i ifx = Vi; 
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t{x) 


—ix 

—ix 


ix 


if X = u^i, 

ifx = w-i, 
ifx = Vi; 


Y(x) = < 


{i - 

{i - l)wi-i 
{i - 

CU-i 


ifx = Ui, 
ifx = Wi, 
ifx = Vi,i^ 0 , 
ifx = Vo; 


Yi{x) = < 


(g-i 

(<7-1 

(< 7-1 


l)'yz-l 


ifx = Ui, 
if x = Wi, 
if x = Vi,i^ 0, 


dw-i if X = Vo; 

One can see that V{c,d),c,d ^ 0 is an indecomposable D-weight module, 
with weight-spaces Vm^ = kui © kwz for i < —1 where nxi is the maximal ideal 
(t — i,(T — and for i >0. The picture for this is as follows: 



4.2. Characteristic of k is nonzero and q is not a root of 1. Here 
again we go through three families: Family I of irreducible Aq modules, Family 
II of irreducible Ai modules, and Family III of indecomposable Aq and Ai 
modules which are not irreducible in either case. 

Family I: Here, as an irreducible Hq-module, V is one of the three: Vq{uj,b) 
for b € k* \ (described in section IXTl case 13.1.11) . or Vq{uj,J,J') (de¬ 

scribed in section [3H] case [3.1.2|) subcases (3) and (4). For any a G k, these 
Hg-modules are extended to irreducible D weight modules; these extensions, 
denoted Vq{ui, b, a), Vq{ui, J, J', a), are also described in the mentioned sections. 
When a G k \ Zp, then the resulting D-modules are also Hi-modules. If a G Zp 
then the resulting modules are indecomposable Hi-modules. 
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Family II: Let V be an irreducible Ai weight module. Here, V is one of 
the three: Vi(uj,b,a) (described in section 15.2.11) and Vi{u},J,J') (described in 
section 13.2.31) . These are Z?-irreducible weight modules. 

Family III: Irreducible D weight modules which do not arise from the 
families I and II above Here we start with indecomposable Hg-modules and 
extend them to irreducible Z?-modules while keeping Hi-structure indecompos¬ 
able, although not irreducible. These appear in two situations of section 13. 1.21 
One is described in case (1) with a 7^ 0; the other is descibed in case (2) and 
its generalization with c = 0, d 7^ 0. 

Theorem 3: When characteristic of k is not zero, and q is not a root of 1 the 
irreducible D-modules are as described in families I, II, and III. 

4.3. Characteristic of k is nonzero and 9 is a root of 1. In this case, 
we see that |a;| < 00. Thus, we may describe families I and H as before. 
Family I: When = 0, we get the module Vq{oj,f,b) for b ^ and 

/ S k* described in section 13. 1.41 This is an irreducible H^-module and extends 
to an irreducible Zl-module. When 7^ 0, we have two families: The first 
family is the module Vq{uj,j,w) which is irreducible for any j G and w 
the empty word; this module is described described in section 13.1.51 While 
not every Vq{uj,j,w) can be extended to a O-module, when w is the empty 
word, this module can be extended to a D-module which will be irreducible. 
The second family is the module Vq{ui,w, f) which is irreducible for the word 
w = or w = y"^; this module is described in section 13.1.61 When w = x'", 
this module can be extended to a H-module. But if w = y™, then this module 
may or may not be extended to a H-module. 

Family II: As in the preceding paragraph, we have three families of irreducible 
Ai modules which may be extended to an irreducible H-module. The module 
Vi(a;, /, a) for a ^ Zp is described in section 13. 2. 41 and arises when B^ = 0. This 
is an irreducible Ai module, and can be extended to a H-module. 

The module Vi{uj,j,w) is described in section [3.2.5l and arises when 7^ 0. 
This is an irreducible Ai-module if and only if w is the empty word, and it can 
then be extended to a H-module. 

The module Vi{oj, w, f) is described in section [3.2.6l and arises when 7^ 0. 
This is an irreducible Ai module if and only if ui = x™ or x = j/™. When 
w = x™, this module can be extended to an irreducible H-module. When 
X = y™, this module may or may not be extended to a H-module. 
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Family III: We start with indecomposable Ai-modules (but not irreducible) 
and extend in such a fashion that the resultant modules are indecomposable 
^q-modules (but not irreducible) and are irreducible as D modules. Thus, we 
look at the case where |a;| < oo and ^0- As has been explained in the 
proof of Theorem [1] the kernel of X is one-dimensional. By Proposition [I] every 
weight space is also one-dimensional. In other words, when we consider module 
Vq(uj,j,w) ( section 13.1.51) or Vi(u;,j,w) 1section [3.2.511 we need to consider 
w = a:™ where m = |i3^|. Both these families may or may not be extended to 
families of £)-modules. If extended, the extended families are irreducible if and 
only if Y and Yi are not simultaneously zero except at (mo, eo). 

Similarly, we consider those modules Vq(uj, w, /) fsection [3.2.6l) and Vi(w, w, /) 
('section lll.2.61) . These modules are irreducible as Aq, and respectively Ai mod¬ 
ules if and only if w = or w = y™. Since we require the dimension of the 
kernel of X to be at most 1, and the dimension of every weight space be equal 
to 1, we are forced to require that m be a word of degree m in variables x, y with 
degree in y being exactly 1. Both these families may or may not be extended 
to families of I?-modules. If extended, the extended families are irreducible if 
and only if Y and Yi are not simultaneously zero except at the same edge as 
the edge X = 0. 

Theorem 4: When characteristic of k is nonzero and q is a root of 1, the 
irreducible D weight modules are those described in families 1,11, and III. 

4.4. A FAMILY OF INDECOMPOSABLE D-MODULES WHICH ARE DECOMPOSABLE 
AS Aq AND Ai MODULES. Throughout this section we assume that the charac¬ 
teristic of k is p > 0 and g is a root of 1 of order p. 

In this section we present a family of finite dimensional indecomposable D- 
modules which are decomposable as Aq and as Ai modules. First, we present 
an example. 


4.4.1. Characteristic of k is 3, and = 1. Let mo = (r — l,cr — 1). Then 
a*(mo) = {mo,mi,m 2 } with m^ = (r — i — l,cr — g*). Fix a,b,c,d G k*. 
Let V = where each 14 is a four dimensional k^. module with basis 

{(i, ei), (i, 62 ), (i, 63 ), (i, 64 )}. This D module can be visualized as follows: 
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(g* - l){i-l,ej) 

ifi^O, 

( 2 , 62 ) 

*/* = 0 ,j = 1 , 

6 ( 2 , 62 ) 

*/* = 0 ,j = 2 , 

(2,64) 

*/* = 0, j = 3, 

d(2,64) 

ifi = 0, j = 4. 


While V is an indecomposable D-module, as an Ai module V decomposes as 
V = {Wi © Wa) © {W 2 ® W 3 ) and as an A^-module V decomposes as y = 
{Wi ® W 2 ) © (W 3 ® W 4 ) where each Wi is the three dimensional vector space 
spanned by {(0, Ci), (1, e^), (2, a)} for i = 0,..., 4. 


4.4.2. Generalization. The above example 14. 4.1 1 can be generalized. Let m > 4 
be an even natural number and oi, 02 ,..., Om S k*. Let rrio = (r — 1, cr — 1), 
and TUi = a®(mo) for 0 < i < p — 1. For each 0 < i < p — 1 let 1^ be the k^. 
with basis {i, Cj) for 1 < j < m. Let V (m; ai, 02 ,..., Um) = ©fTg^Vi and give it 


D-action by X{i,ej) 


Y{i,ej) 


Yi{i,ej) 


{i + l,ej) ifi 


1 , 


0 ifi 

= P- 

1 ; 


i{i-l,ej) 

ifi 

7^ 0 , 


a2k-i{p - l, 6 j) 

ifi 

= 0 ,j = 

2 fc- 1 , 

(P- 1 , 64 + 1 ) 

ifi 

= 0 ,J = 

2k < TO, 

{P - l,ei) 

ifi 

= 0 ,J = 

to; 

(g* - l)(i - 1 , 6 . 

i) */ 

o' 


a2k{p - 1 , 64 ) 

if 

i = 0 , j 

= 2 fc, 

.(P- 1 , 64 + 1 ) 

if 

0 "' 

II 

• cs> 

= 2 fc-l 


where k is a. natural number, 1 < k < y- This action results in an indecom¬ 
posable Z3-module structure on V (to; oi, 02, ..., am). For each 1 < j < to, let 
Wj be the vector space with basis {(*, e^) | 0 < i < p — 1}. 

Note, for each k,l Y k < y, the vector space W 2 fe_i © W 2 k is an Aq module, 
and viewed as an yl^-module, V (to; oi, 02 ,..., Um) is decomposed into a direct 
sum of Aq-submodules: 


V{m;ai,a 2 ,.. .,am) = ®k=ii^ 2 k-i © W 2 k). 
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Similarly, for each k,l < k < the vector space W 2 k © W 2 k+i is an Ai 
module; in addition, the vector space Wm © hhi is an Ai-module. Further, 
V(m; oi, 02,, ttm) is decomposed into a direct sum of Ai-submodules: 

V(m;ai,a2, ■.. ,0^) = ©fc=/(W^2fe © VF2fe+i) © (W^ © Wi). 


We thus have. 

Example 1: For any even natural number to > 4, and oi, 02 ,..., Om G k*, 
there is an indecomposable D-weight module V (to; oi, 02 ,..., am) which is de- 

Tfi 

composable as an Aq as well as an Ai weight module into — components. 

This example leads us to the contruction of a family of indecomposable D 
modules as follows: Let Yi,Y be two noncommuting variables, 2 G {Yi,Y} and 
o G k*. As above, let mo = (r — 1 ,ct — 1), and = Q;*(mo) for 0 < z < p — 1. 
Let = ©fJokui where Vi is of weight m^. Then LF^’“ has a D-module 


structure given by X{vi) 


Vi+i ifi<p-l, 
0 ifi=p-l; 


Y(vi) 


{ ivi-i z/z>0, 
avp-i if i = 0, and z = Y, 

0 if i = 0, andz = Yi; 


{{q^-l)v^-l z/z>0, 

Yi{vi) = < avp-i if i = 0, and z = Yi, 

[0 z/ z = 0, and z = Y. 

Fix TO a natural number, oi, 02 ,. •., am G k*, and w = Z 1 Z 2 ■ ■ ■ Zm a word 
of length TO where Zi G {Fi,T}. Let V{m;w,ai,. ■ ■ ,am) = as 

a vector space. We now connect each component to give V (to; w,ai,. ■ ■, am) 
an indecomposable D module structure. Namely, V{m;w,ai,. ■ ■ ,am) receives 
action of X from its action on each component LF^*’“g The action of Y on 
is also inherited if Zi = Y. If Zi = Yi, then for z > 0, action of Y on 
Vi G is inherited; for vq G set Y{vo) = fp-i G when 

1 < z < TO, and set Y{vo) = Vp-i G when i = m. Similarly, the action 

of Yi on is also inherited if Zi = Yi. If Zi = Y, then for z > 0, action of 

Yi on Vi G is inherited; for vg G 1©^*’“* set yi(z;o) = Vp-i G 

when 1 < z < TO, and set Fi(z;o) = Up-i G 1©^^’“^ when i = m. 
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For 1 < i < m if we view each as a vertex, then V(m; w,ai,..., Um) 

is to be viewed as a directed cycle on m vertices with an edge V (if Zi = Fi) or 
Yi (if Zi = V) joining vertex to if i < m and joining 

to for i = m. As an examle, for word w = YiFYi, and 01 , 02,03 G k* 

the cycle would be 



Here, every is a p-dimensional vector space. 


Theorem 5 : Let p denote the characteristic of k and assume that p is equal to 
the order of q as a root of 1 . For natural number m, oi, 02,..., Om G k*, and 
any word w = ziZ2 - • ■ Zm with Zi G {yi,F} there is an irreducible D-weight 
module V (m; w, oi, 02,..., Om) of dimension pm. We also have: 

• Case m = 1 ; Here V (m; w, oi, 02,..., Om) is an irreducible Ai and Ag 
module. 

• Case TO = 1 , 2 , 3 ; Here V (to; m, oi, 02,..., am) is indecomposable as an 
Ai or an Ag module. 

• Case TO > 4 ; If w = Y^", then V (to; w, oi, 02,..., Om) is indecompos¬ 
able as an Ai module, but decomposable as an Ag module. Similarly, 
if w = Y”^, then F(to; ro, oi, 02,..., Om) is indecomposable as an Ag 
module, but decomposable as an Ai module. 

• Case TO > 4 ; If the degree of w in Yi is 1 then V (to; m, oi, 02,..., Om) 
is indecomposable as an Ag module, but decomposable as an Ai mod¬ 
ule.Similarly, if the degree of w in Y is 1 then V (to; rc, oi, 02,..., Om) is 
indecomposable as an Ai module, but decomposable as an Ag module. 

• Case TO > 4 ; If w is of degree at least 2 in y and at least degree 2 in 
Fi, then V (to; ro, oi, 02,..., Om) is decomposable as an Ai and an Ag 
module. 

While we do not have any general statements of indecomposable finite dimen¬ 
sional £)-modules we can say the following: 
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Theorem 6: Let V = be a Snite dimensional D weight module with 

support contained in orbit uj. Then dimiVm) = dim(Va) for any m, n S w. 

Proof. Since the characteristic of k is p and so is the order of q, we see that w 
is a circular orbit of length p. Further, w has at most one Ag-break and has at 
most one Ai-break. 

Suppose that w does not have an Ag-break or an Ai-break. Let m S w be 
in the support of V, and consider X : t4i —t Suppose u S t4i is in the 

kernel of X. That is, YX{v) = t{v) = 0 and YiX{v) = {qa — l)(u) = 0. That 
is, m = (r, cr — i) which implies that m is an Ag as well as an Ai break. That 
is, X is injective for every m. Since a; is a circular orbit, X : t4i —t Va{m) is an 
isomorphism of vectorspaces for every m. 

Now suppose that w has an Ag-break or an kli-break. Without loss of general¬ 
ity, suppose that uj has an Xg-break, and since it is unique, let us name it mp_i. 
Let UJ = {mo, mi,..., mp_i} where m^ = a*(mo). As m^ is not a break for any 
i < p — 1, then by the argument in the preceding paragraph, X : Vxm —>■ 14ii+i 
is injective for every i < p — 

Suppose for some i < p — 1, X : Vnti —t Kn^+i is not surjective. Then there 
is a u € Kiti+i not in X(Vmi)- Now, Yi{v) G Vm-. Note, Xyi(u) = {a — l)(u). 
If (ct — l)(u) ^ 0, then v G X{Vm.) contradicting the choice of v. Hence, 
(ct — !)(«) = 0. In other words, v G mo- In other words, X : Vm- —>• Vmi+i is 
surjective for every *,0<j<p—I. We have thus proved the theorem. I 

Remark 14: Note that by Proposition [IJ every weight space of an irreducible 
D-module is of dimension 1 over an algebraically closed held, irrespective of its 
characteristic. Theorem [6| seems to lead to a generalization of Proposition [I] for 
D-modules not necessarily irreducible. Yet, Theorem [2| is not true for weight 
D-modules when the characteristic k is not equal to the order of q. For instance, 
suppose characteristic of k is 3 and q^ = 1. Then, a cyclic orbit is of length 
6. Let mi = (r — l,cr — 1) and uj = {m^ = Q!®(mi) | 0 < i < 5}. Let Kii be 
one-dimensional with basis {ui} for 1 < i < 3 and zero-dimensional otherwise. 
Assign it a D-module structure by 

t{vi)=vi, a{vi) = vi, X{vi)=V 2 , 

t{v2)=2v 2, cr{v2) = qv2, X{V2)=V3, 

t{v 3)=0, a{v 3 ) = V 3 , X(V3)=0, 
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r(z;i) = 0, ri(^;i) = 0, 

Y{v 2 ) = vi, Yi{v 2 ) = (q - 1 )vi, 

Yiv3) = 2v2, Yiiv3) = 0. 

4.5. Isomorphisms among various families of £)-irreducible weight 
MODULES. The following isomorphisms are noted: 

(1) When b G k* \ and a G k \ Z, then Vq{uj,b,a) = Vi{u},a,b). 

These modules are described in section 13.11 case l3.1.1I and section [XU 
case 13. 2. II respectively. 

(2) When q is not a root of unity, b = q^ for some k G Z and a G k \ Z, 
then Vi{u!,a,b) = Vq{uj, J, J'a) where the two are described in section 
13.21 case 13.2.11 and section IXTl case 13.1.21 subcase (1) respectively. 

(3) When g is a root of unity, b = q^ for some k G Z and a G k \ Z, then 
Vi{uj, a, b) = Vq{uj, J, J) where the two are described in sectioncase 
13.2.11 and section IXTl case 13.1. .'ll case (1) respectively. 

(4) When 6 G k* \ {g'jigz and a G Z, then Vq{tjj,b,a) = Vi{uj, J, J',b). 
These modules are described in section 13.11 case 13.1.11 and section IXXl 
case 13.2.21 subcase (1) respectively. 

(5) When a ^ Zp and q ^ {g®}igz, we have Kj(w, /, b, a) = Vi{uj, /, a, b). 

(6) When w = e, the emtpy word, Vq{uj,j,e) is isomorphic to Vi{uj,j,e) as 
T>-modules; refer to sections [3.1.51 and 13.2.51 for details. 
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